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We investigate both the quantum and classical dynamics of a non-Hermitian system via a kicked
rotor model with PT symmetry. In non-Hermitian case, the classical trajectory is assumed to be
complex. We find the normal diffusion for the real part of momentum and the exponentially-fast
diffusion for the imaginary part of momentum. Due to the exponentially-fast increase of some
trajectories, there is a threshold time for the breakdown of classical diffusion. Our theoretical
prediction of such a threshold time is in good agreement with numerical results. The quantum
signature of the chaotic diffusion of the complex trajectories is reflected by the dynamics of the
out-of-time-order correlators (OTOC) in the semiclassical regime. We find that the growth of the
OTOC exhibits a sharp transition to infinitely large at a critical time which exponentially increases
with the increase of the threshold time of the classical diffusion. For the quantum dynamics, both
the mean momentum and mean square of momentum exhibits the staircase growth with time when
the system parameter is in the neighborhood of the PT symmetry breaking. If the system parameter
is very larger than the PT symmetry breaking point, the acceleration mode results in the directed
spreading of the wavepackets as well as the ballistic diffusion in momentum space.
I. INTRODUCTION
The conventional quantum mechanics supposes that
every physical observable is represented by a Hermitian
operator, thereby ensuring the observable possesses an
entirely real eigenspectrum. However, the seminal work
by Bender and Boettcher [1] was verified that Hemiticity
is only a sufficient but not necessary condition to guaran-
tee real spectrum. Since then the non-Hermitian quan-
tum mechanics has been spurred a lot of activities, both
theoretically [2–9] and experimentally (see e.g., Ref. [10]
and references therein), in various areas of the quantum
physics. Non-Hermitian quantum mechanics is also used
to describe the reduced open quantum systems [11, 12].
The influences of the lack of Hermiticity on the proper-
ties of the system have be investigated by several works
(see, e.g. [13–19]). In particular, the non-Hermitian fea-
tures have been visualized in a number of experiments
[10, 20–23]. A special class of non-Hermitian systems are
provided by systems having complex Hamiltonians with
PT symmerty [1, 4, 24, 25]. A remarkable feature of PT
Hamiltonian is that it can possess an entirely real-valued
spectrum below a symmetry-breaking point, albeit being
non-Hermitian [1, 4, 25]. Moreover, various optical struc-
tures have been proposed to test and realize the peculiar
properties of PT Hamiltonians [22, 26–32].
On the other hand, the study of periodical-driven sys-
tems has attracted increasing attention in recent years.
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Many intrinsic quantum phenomena, such as many-body
localization [33–35], time crystal [36–39], and Floquet
topological phases [40–43], have been revealed in this
kind of systems. Nowadays, the time periodic systems
have widely applications and play an important role in
many branches of physics (see, e.g., [44–47] and refer-
ences therein). Therefore, it is of great interest to extend
the investigations of periodical-driven quantum systems
within the context of non-Hermitian quantum mechan-
ics. Various population oscillations [48, 49], anomalous
level crossing rule [50], unique transport behavior [47],
and the exotic topological phases [51, 52] have been re-
vealed in the time-periodic non-Hermitian systems with
PT symmetry. To get a better and deep understanding
of the properties of the periodical-driven PT Hamiltoni-
ans, however, more works are still needed.
In this work, we investigate the chaotic signatures of
the PT symmetric system in an extension of the periodi-
cally kicked quantum rotor model [53, 54]. As a paradigm
model of periodical driving system, kicked rotor (KR)
model has received a continuous interest in different fields
of physics in the past three decades [55–60]. A significant
phenomenon of the KR model is the dynamical localiza-
tion, which is similar to the Anderson localization of the
electronic wave function in random media [58, 61]. In
particular, the physical relizations of the KR model and
its features have been explored in a wide variety of ex-
periments [62–65]. The PT extension of the KR model
studied in this work describes a quantum particle which
is periodically kicked by the PT symmetric potential.
Such a system has been studied in recent papers [53, 54],
where they were shown that depending on the form of
the complex potential, the unbroken PT phase can be
2assisted either by the chaos [53] or by the dynamical lo-
calization [54].
In the present article, we will reveal the chaotic fea-
tures of the the PT -symmetric kicked rotor (PT KR)
model via its dynamical properties. For the classical dy-
namics, we assume that the trajectory is complex. Ac-
cordingly, we define the second moment (SM) for both
the real and imaginary parts of momentum in order to
quantify the classical diffusion. In chaotic situation, the
SM of the real trajectory increases linearly with time,
while that of the imaginary trajectory increases expo-
nentially. Interestingly, they all exhibits a transition to
infinitely large at a threshold time τ . The underlying
physics is due to the exponentially fast increase of the
magnitude of some complex trajectories. Our theoreti-
cal prediction of the critical time τ is in good agreement
with numerical results.
To further demonstrate the chaotic features in the
quantum dynamics, we assess the out-of-time-order cor-
relators (OTOC) [66, 67], which as a measurement of
quantum chaos and the spread of information has been
widely explored, both theoretically (see, e.g., Refs. [68–
76] and references therein) and experimentally [77–80],
in recent years. We find that, in semiclassical regime,
the evolution of OTOC displays a sharp transition to in-
finitely large at a threshold time t∗. Intrinsically, such
a critical time is closely related to the transition points
τ of classical diffusion t∗ ∝ e2τ , which reveals that the
OTOC is a quantum signature of the classically-chaotic
diffusion of complex trajectories. When the critical time
t∗ is larger than the Ehrenfest time, one can find the
exponential growth of the OTOC during the Ehrenfest
time interval, beyond which it increases in the power-
law of time. Further, we investigate the quantum diffu-
sion of the PT KR model. We find that, in the neigh-
borhood of PT -symmetry breaking point, the transition
between quasieigenstates leads to the jump of both the
mean momentum and mean square of momentum. The
very strong imaginary kicking produces stable wavepack-
ets which spreads unidirectionally and diffuses ballisti-
cally with time.
The article is organized as follows. In Sec. II, we de-
scribe our model and show the classically-chaotic dy-
namics. In Sec. III, we reveal the quantum signature of
the chaotic diffusion via the dynamics of the OTOC. In
Sec. IV, we investigate the wavepakcets dynamics. Sum-
mary is presented in Sec. V.
II. CHAOTIC DIFFUSION OF COMPLEX
TRAJECTORY
We consider the PT KR model for which the Hamilto-
nian in dimensionless units takes the form [54]
H =
p2
2
+ V (θ)
∑
j
δ(t− j) , (1)
with
V (θ) = K [cos(θ) + iλ sin(θ)] , (2)
where p is the angle momentum, θ is the angular coordi-
nate, K is the strength of the real part of the kicking po-
tential, and λ indicates the strength of the imaginary part
of the kicking potential. The kicking potential satisfies
the condition of PT symmetry V (θ) = V ∗(−θ) [53]. We
assume that the classical equation of motion of this sys-
tem is governed by the Hamiltonian principle [81]. Then,
the classical mapping equation reads [82]{
pn+1 = pn +K [sin(θn)− iλ cos(θn)]
θn+1 = θn + pn+1
, (3)
where θn and pn separately denote the angle and the an-
gular momentum after the nth kick. Due to the non-
Hermitian property, the classical trajectory should be
complex [81] {
pn = p
r
n + ip
i
n
θn = θ
r
n + iθ
i
n
. (4)
Substituting Eq. (4) into Eq. (3) yields the evolution
equations for (θrn, θ
i
n, p
r
n, p
i
n) [83]
prn+1 = p
r
n +K sin(θ
r
n)
[
cosh(θin)− λ sinh(θin)
]
,
pin+1 = p
i
n +K cos(θ
r
n)
[
sinh(θin)− λ cosh(θin)
]
,
θrn+1 = θ
r
n + p
r
n+1 ,
θin+1 = θ
i
n + p
i
n+1 .
(5)
Based on the above equations, we investigate the clas-
sical dynamics of such a non-Hermitian system. Due to
the non-Hermitian property, some trajectories will expo-
nentially increase with time. For example, we consider a
special trajectory with initial value pr0 = p
i
0 = 0 and
θr0 = θ
i
0 = 0. It is easy to prove that, at the time
tn = n, the real part of both the angular and angle
momentum of this trajectory is zero, i.e., prn = 0 and
θrn = 0, while its imaginary part exponentially increases,
i.e., pin = θ
i
n = −λKn [83]. Note that in the derivation
of pin and θ
i
n we have used the condition
Kn−1λ≪ 1 . (6)
Such exponential increase breaks down ifKtλ ∼ 1. Thus,
a rough estimation for the threshold time is
tc ≈ − logK(λ) . (7)
Beyond the threshold time, i.e., t > tc , the magnitude of
this trajectory increases much faster than the exponential
law. Consequently, it exceeds the maximum value of the
double-type variable which is about Dmax ≈ 10308.
We numerically investigate the number of the trajec-
tories Nmax for which the magnitude of pr or pi is larger
than Dmax. In numerical simulations, we set the initial
3values of classical trajectories as pi = pr = 0, θi = 0, and
θr being randomly distributed in [−pi, pi] with uniform
probability. The total number of trajectories is N = 105.
Our numerical result shows that the value of Nmax re-
mains zero for time smaller than a threshold value tc,
which demonstrates that |pi| < Dmax and |pr| < Dmax
for all of the trajectories. When time is larger than the
critical time, the value of Nmax gradually increases un-
til the saturation [see Fig. 1(a)], which demonstrates the
growth of the number of trajectories with |pi| > Dmax
(or |pr| > Dmax). We further investigate the threshold
time tc for different K and λ. Interestingly, we find that
the dependence of tc on system parameters can be well
described by our theoretical prediction in Eq. (7) [see
Fig. 1(b)].
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FIG. 1. (color online). (a) Time dependence of Nmax which
is the number of trajectories exceeding the maximum thresh-
old value of 10308. Arrow marks the critical time tc for the
appearance of nonzero Nmax. The parameters are K = 5
and λ = 10−10. (b) Comparison of the threshold time τ
(solid symbols) and tc (empty symbols) versus λ with K = 5
(squares), 15 (circles), 50 (triangles) and 300 (diamonds).
Dashed lines (in red) denotes our theoretical prediction of
the form tc ≈ − logK(λ) in Eq. (7).
A natural question is how does the exponentially-fast
growth of complex trajectories affect classically-chaotic
diffusion. In order to quantify the classical diffusion, we
separately define the SM for the real and imaginary parts
of momentum as
M r2 (t) = 〈p2r(t)〉 − (〈pr(t)〉)2 , (8)
and
M i2(t) = 〈p2i (t)〉 − (〈pi(t)〉)2 . (9)
In our numerical simulation, the initial value of classical
trajectories and the number of total trajectories are the
same as in the above investigation of Nmax.
The time evolution of M r2 (t) and M
i
2(t) is shown in
Fig. 2(a) and Fig. 2(b), respectively. From Fig. 2(a), one
can see that the SM of the real part of momentum fol-
lows the normal diffusion M r2 (t) = Dt with D ≈ K2/2
for time smaller than a threshold value, i.e., t < τ . Be-
yond such a threshold time t > τ , the M r2 (t) exhibits a
sharp transition to the saturation M r2 (t) ≈ 10304. For
the imaginary part of momentum, the SM exponentially
increases with time M i2(t) ≈ exp(αt + β) for t < τ , and
also saturates rapidly [see Fig. 2(b)] for t > τ . We further
numerically investigate the dependence of the factors α
and β on system parameters. Our numerical result proves
the rule of α = 2 ln(K) and β = 2 ln(λ) [see Fig. 2(c) and
2(d)]. Taking into account the exponentially-fast growth
of some trajectories, i.e., |pi(t)| ≈ λKt, we can safely
believe that the corresponding SM increases in the law
M i2(t) ≈ exp(αt + β) , (10)
with α = 2 ln(K) and β = 2 ln(λ). As a further step, we
numerically investigate the threshold time τ for different
K and λ. Our numerical results show that the τ is in
perfect consistence with tc [see Fig. 1(b)], which yields
τ ≈ − logK(λ) . (11)
This again reveals that the exponentially-fast growth of
M i2(t) is due to the exponentially-fast growth of some
trajectories. Equation (11) demonstrates that the time
interval for the exponential-growth of M i2(t) decreases
with the increase of λ. For λ ≥ 1/K, we can not observe
such a phenomenon as τ ≤ 1.
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FIG. 2. (color online). Top panels: Time dependence of the
Mr2 in (a) and M
i
2 in (b). In (a): Red dashed line indicates
the normal diffusion of the formMr2 (t) = Dt with D ≈ K
2/2.
Arrow marks the transition points τ beyond which the time
evolution of Mr2 departs from the normal diffusion. In (b):
Red dashed line indicates the analytic prediction of the form
M i2 = exp(αt + β) in Eq. (10). Arrow denotes the transition
points τ for which the time growth of M i2 departs from the
exponential-law. The parameters are K = 5 and λ = 10−10.
(c) The value of α versus ln(K) for λ = 10−10. Dashed line (in
red) indicates the analytic prediction of the form α = 2 ln(K).
(d) The value of β versus ln(λ) with K = 5. Dashed line (in
red) indicates the analytic prediction of the form β = 2 ln(λ).
The number of trajectories is N = 105.
4III. QUANTUM SIGNATURE OF CHAOTIC
DIFFUSION
The Schro¨dinger equation of the PT KR model in di-
mensionless unites takes the form
i~eff
∂ψ
∂t
=

p2
2
+ V (θ)
∑
j
δ(t− j)

ψ , (12)
where θ is the angular coordinate, p is the angle mo-
mentum operator written as p = −i~eff∂/∂θ, and ~eff
is the effective Planck constant. In the basis of the
momentum operator p|ϕn〉 = n~eff|ϕn〉 with 〈θ|ϕn〉 =
einθ/
√
2pi, an arbitrary quantum state is expanded as
|ψ〉 = ∑n ψn|ϕn〉. The time evolution of a quantum
state is governed by the Floquet operator
U = exp
(
−i p
2
2~eff
)
exp
[
−iV (θ)
~eff
]
. (13)
The eigenequation of the Floquet operator reads
U |ψε〉 = e−iε|ψε〉 , (14)
where ε is the quasienergy. An intrinsic property of this
system is that the real quasienergy eigenvalues become
complex, i.e., ε = εr± εi, when the strength of the imag-
inary part of the complex potential exceeds a threshold
value λc [53, 54]. Such a phenomenon is named as the
spontaneous PT -symmetry breaking.
Recently, the OTOC C(t) = 〈[Aˆ(t), Bˆ]2〉 has received
extensive investigations, since it is an effective indicator
of chaos in quantum systems [66, 72–74, 79, 84]. We con-
sider the case that both Aˆ and Bˆ are angle momentum
operators, hence C(t) =
〈
[p(t), p]2
〉
. Previous investi-
gations report that, for ~eff ≪ 1, the time dependence
of the C(t) of the Hermitian KR system (i.e., λ = 0)
is exponentially-fast C(t) ∝ eγt with γ = 2 ln(K) [85],
for time smaller than the Ehrenfest time, i.e., t < tE .
For t > tE , there is a transition for C(t) from the
exponentially-fast increase to the power-law increase, i.e.,
C(t) ∝ t2 [84]. Here, we investigate the dynamics of the
OTOC in the semiclassical regime (~eff ≪ 1) for differ-
ent λ. In numerical simulations, the initial state is set
as a Gaussian function ψ(θ) = (σpi )
1/4 exp(−σθ2/2) with
σ = 10. Figure 3(a) shows that, for very small λ (e.g.,
λ = 10−5), the behavior of C(t) is similar to that of the
Hermitian system. For large λ, the time evolution of C(t)
is qualitatively similar to that of the Hermitian case if the
time is smaller than a threshold value t∗. Interestingly,
for t > t∗, the C(t) exhibits a sharp transition to in-
finitely large, so that it can not be expressed in computer.
Furthermore, we numerically investigate the dependence
of t∗ on system parameters. Interestingly, we find the
rule of the form t∗ ∝ exp[−2 logK(λ)] [see Figs. 3(b) and
3(c)] and t∗ ∝ χ~eff [see Figs. 3(d)]. Remember that the
transition point for the classical diffusion is in the form
τ ≈ − logK(λ), hence, we get the relation t∗ ∝ e2τ . It is,
therefore, reasonable to believe that the OTOC reflects
the physics of chaotic dynamics of complex trajectories.
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FIG. 3. (color online). (a) Time dependence of C(t) for
λ = 10−5 (circles), 0.005 (triangles), 0.007 (squares), and 0.01
(diamonds). The parameters are K = 8 and ~eff = 0.01. Dash
line denotes the power-law of the form, i.e., C(t) ∝ t2. Dash-
dotted line denotes the exponential increases of the form,
i.e., C(t) ∝ eγt with γ = 2 ln(K). Arrows (in black) mark
the transition points t∗ of C(t). Arrow (in violet) marks
the Ehrenfest time tE for λ = 10
−5. (b) The transition
points t∗ versus λ for K = 8 with ~eff = 0.001 (circles)
and 0.01 (squares). Solid lines denote the analytic expres-
sion of the form t∗ ∝ exp[−2 logK(λ)]. (c) The transition
points t∗ versus K for ~eff = 0.01 with λ = 0.005 (circles) and
0.01 (squares). Solid lines denotes the analytic expression
t∗ ∝ exp[−2 logK(λ)]. (d) The transition points t
∗ versus ~eff
for K = 8. From top to bottom ~eff = 0.003 (triangles), 0.005
(circles), and 0.01 (squares). Solid lines denotes the analytic
expression of the form t∗ ∝ χ~eff.
IV. WAVEPACKETS DYNAMICS
For quantum dynamics, the standard deviation of the
wavepackets in momentum space is defined as
M2(t) = 〈p2(t)〉 − (〈p(t)〉)2 , (15)
where 〈p(t)〉 = ∑n pn|ψn(t)|2/N is the mean momen-
tum, 〈p2(t)〉 = ∑n p2n|ψn(t)|2/N is the mean square of
the momentum, and N (t) = ∑n |ψn(t)|2 is the norm of
a quantum state. Note that such a definition of M2 has
drop the contribution from the increase of the norm due
to the breaking of PT symmetry. We numerically in-
vestigate the M2(t) for a wide regime of λ, so that we
can observe the rich physics resulting from the breaking
of PT symmetry. In numerical simulations, the initial
5state is the ground state of the unperturbed Hamilto-
nian H0 = p
2/2, i.e., ψ0(θ) = 1/
√
2pi. Our numerical
results show that, for small λ [e.g., λ = 0.02 in Fig. 4(a)],
the M2 increases during a very short time interval, af-
ter which it asymptotically unchanged with time evolu-
tion. Correspondingly, both the 〈p〉 and 〈p2〉 saturates as
time evolves [see Fig. 4(b)]. In this situation, the wave
function is exponentially localized in momentum space
and quasiperiodically appears with time evolution. More
important is that such exponential localization is asym-
metric, for which the probability distribution in positive
momentum is much larger [see Fig. 5(a)]. This leads to
the positive values of mean momentum. It is reasonable
to believed that the mechanism of dynamical localization
governs the quasiperiodic evolution of quantum states,
when the PT symmetry is preserved for very small λ
We further investigate the wavepackets dynamics for
the case that the value of λ is in the vicinity of the
phase-transition point, i.e., λ ≈ λc. Our numerical re-
sults show that the variance M2 saturates rapidly with
time evolution, while there are some peaks occurring ir-
regularly [see Fig. 4(c)]. The corresponding mean values
of both the 〈p〉 and 〈p2〉 exhibits the stepwise growth
with time [see Fig. 4(d)]. Detailed observations find that
each peak ofM2 corresponds to the jump of the 〈p〉 and
〈p2〉 from lower stair to the upper one [see Fig. 4(d)].
And the plateau of these two mean values corresponds to
the saturation region of theM2. The underlying physics
of such intrinsic phenomenon of the quantum diffusion
can be revealed by the time evolution of wavepackets
in momentum space. The comparison of the quantum
states at different time demonstrates that the momen-
tum distribution has almost fixed width corresponding
to the saturation ofM2 [see Fig. 5(b)]. The spreading of
the wavepackets to the positive direction in momentum
space results in the increase of both the 〈p〉 and 〈p2〉. In
fact, we previously found that, for λ ≈ λc, the quantum
state corresponding to the appearance of the plateau of
mean values is virtually the quasieignstate for which the
imaginary part of the quasienergy εi is significantly large.
Moreover, the quasieignstates are exponentially-localized
in momentum space. The transition of the quantum state
between different quasieigenstates leads to the jumping
of mean values [86].
We also investigate the quantum diffusion for large λ,
i.e., λ≫ λc. Our results show thatM2(t) saturates very
rapidly as time evolves [e.g., λ = 0.5 in Fig. 4(e)]. Cor-
respondingly, the 〈p〉 increases linearly with time, i.e.,
〈p〉 ≈ Rt, which leads to the ballistic diffusion of the
energy, i.e., 〈p2〉 ≈ R2t2 [see Fig. 4(f)]. Corresponding
to the linear growth of the mean momentum, the wave
packet has a stable shape and spreads to the positive
direction in momentum space [see Fig. 5(c)]. In angu-
lar coordinate space, the wavepackets is mainly localized
around the position of θ0 = pi/2 [see Fig. 5(d)]. This is
due to the gain-or-loss mechanism of the non-Hermitian
kicking potential, i.e., Uλ = exp[Kλ sin(θ)/~eff]. The
maximum value of Uλ corresponds to θ0. After the ac-
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FIG. 4. (Color online) Left panels: Time dependence of the
M2. Right panels: Time dependence of 〈p〉 (black lines) and
〈p2〉 (blue lines). In (f): Dash-dotted (in green) and dashed
(in red) line denote the function of the form 〈p〉 ≈ 2pit and
〈p2〉 ≈ 4pi2t2, respectively. Parameters: λ = 0.02 (top), 0.07
(middle) and 0.5 (bottom) with K = 7 and ~eff = 1.4.
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FIG. 5. (Color online) (a)-(c): Probability density distribu-
tion in angle momentum space with λ = 0.02, 0.07 and 0.5,
respectively. (d): Probability density distribution in angular
coordinate space for λ = 0.5. The parameters are K = 7 and
~eff = 1.4.
tion of Uλ, a quantum state is greatly enlarged within the
neighborhood of θ0. Remember that, the driven force of
the real part of the kicking potential K cos(θ) is positive
for θ ∈ (0, pi). Therefore, the quantum particle moves to
positive direction.
V. SUMMARY
In this work, we make detailed investigation on both
the classical and quantum dynamics of the PT KR
model. For the classical dynamics, some trajectories
exponentially increase with time, which leads to the
exponentially-fast diffusion of imaginary momentum, i.e.,
6M i2(t) ≈ exp(αt + β) with α = 2 ln(K) and β = 2 ln(λ).
The real part of the momentum exhibits the normal dif-
fusion, i.e., M r2 = Dt. The classical diffusion for both
the real and imaginary momentum breaks down at a
threshold time which depends on the system parameter
in the form of τ ≈ − logK(λ). The quantum signature
of chaotic diffusion of complex trajectories is reflected by
the dynamics of the OTOC C(t). In the semiclassical
regime, i.e., ~eff ≪ 1, the OTOC increases exponentially
with time C(t) ∝ eγt for time smaller than the Ehrenfest
time, i.e., t < tE , after which it increases with the power
law, i.e., C(t) ∝ t2. For sufficiently-long time evolution,
the C(t) will exhibit a sharp transition to infinitely large
at a threshold time t∗. Intrinsically, this quantum criti-
cal time is closely related to the critical time of classical
diffusion τ , i.e., t∗ ≈ e2τ , which implies that the physics
of complex trajectories can be revealed by OTOC.
Finally, we investigate the quantum diffusion which is
quantified by the second momentM2 of the wavepackets
in momentum space. For λ ≈ λc, the M2 is asymptoti-
cally unchanged expect some peaks occurring irregularly.
This is due to the fact that the quantum states evolves
to the quasieigenstates which is exponentially localized
at different center in momentum space. The transition
between different quasieigenstates leads to the irregu-
lar occurrence of the peaks of M2. For λ ≫ λc, the
non-Hermitian kicking potential produces the stabilized
wavepakets, which accelerates unboundedly towards pos-
itive direction. In this situation, the quantum particle
diffuses ballistically with fixed value of M2. Our inves-
tigations may sight a new light on quantum chaos and
quantum-classical correspondence of non-Hermitian sys-
tems.
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Appendix A: Classical mapping equation for
complex trajectories
The classical mapping equation has the expression{
pn+1 = pn +K [sin(θn)− iλ cos(θn)]
θn+1 = θn + pn+1
, (A1)
where θn and pn separately denote the angle and the an-
gular momentum after the nth kick. Due to the non-
Hermitian property, the classical trajectory should be
complex [81] {
pn = p
r
n + ip
i
n
θn = θ
r
n + iθ
i
n
. (A2)
Taking Eq. (A2) to the first equation of Eq. (A1) yields
prn+1 + ip
i
n+1 = p
r
n + ip
i
n
+K sin(θrn)
[
cosh(θin)− λ sinh(θin)
]
+ iK cos(θrn)
[
sinh(θin)− λ cosh(θin)
]
.
Accordingly, we get the evolution equations for the angle
momentum
prn+1 = p
r
n +K sin(θ
r
n)
[
cosh(θin)− λ sinh(θin)
]
, (A3)
pin+1 = p
i
n +K cos(θ
r
n)
[
sinh(θin)− λ cosh(θin)
]
. (A4)
Substitution of Eq. (A2) into the second equation of
Eq. (A1) yields
θrn+1 + iθ
i
n+1 = θ
r
n + p
r
n+1 + iθ
i
n + ip
i
n+1 .
Then, the evolution equations for the angle coordinate
take the form
θrn+1 = θ
r
n + p
r
n+1 , (A5)
θin+1 = θ
i
n + p
i
n+1 . (A6)
As a conclusion, the classical mapping equations for the
complex trajectory read
prn+1 = p
r
n +K sin(θ
r
n)
[
cosh(θin)− λ sinh(θin)
]
,
pin+1 = p
i
n +K cos(θ
r
n)
[
sinh(θin)− λ cosh(θin)
]
,
θrn+1 = θ
r
n + p
r
n+1 ,
θin+1 = θ
i
n + p
i
n+1 .
(A7)
Appendix B: Exponentially-fast growth of a special
trajectory
We analyse the time evolution of a trajectory with the
initial values (θr0 = 0, θ
i
0 = 0, p
r
0 = 0, p
i
0 = 0). We con-
sider the strongly chaotic situation K ≫ 1. According to
Eq. (A7), one can get the trajectory at the time t = 1,
pr1 = 0 ,
pi1 = −Kλ ,
θr1 = 0 ,
θi1 = −Kλ .
(B1)
By repeating the same derivation, we find that the real
part of the trajectory at the time t = 1 is zero, pr2 = 0
and θr2 = 0. The imaginary part of the momentum has
the expression
pi2 = p
i
1 +K cos(θ
r
1)
[
sinh(θi1)− λ cosh(θi1)
]
= −Kλ+K [sinh(−Kλ)− λ cosh(−Kλ)] .
For further step, we consider the condition Kλ ≪ 1.
Then, the pi2 is approximated as
pi2 ≈ −2Kλ−K2λ ≈ −K2λ , (B2)
7where we use the approximation sinh(Kλ) ≈ Kλ and
cosh(Kλ) ≈ 1 for Kλ ≪ 1, and neglect the first term
−2Kλ in the right-hand side of the above equation, since
Kλ ≪ K2λ for K ≫ 1. The imaginary part of the
angular coordinate reads
θi2 = θ
i
1 + p
i
2 = −Kλ−K2λ ≈ −K2λ . (B3)
At the time t3 = 3, we can prove that p
r
3 = 0 and
θr3 = 0. The imaginary part of the momentum is
pi3 = p
i
2 +K cos(θ
r
2)
[
sinh(θi2)− λ cosh(θi2)
]
= −K2λ+K [sinh(−K2λ)− λ cosh(−K2λ)] .
For further derivation, we assume that
K2λ≪ 1 . (B4)
Then, the pi3 is estimated as
pi3 ≈ −K2λ+K
(−K2λ− λ) ≈ −K3λ , (B5)
where we have neglected the terms of bothKλ and −K2λ
as they are much smaller than K3λ. The imaginary part
of the angular coordinate is
θi3 = θ
i
2 + p
i
3 = −K2λ−K3λ ≈ −K3λ . (B6)
By repeating the same procedure, one can get the tra-
jectory at any time t = n
prn = 0 ,
θrn = 0 ,
pin ≈ −Knλ ,
θin ≈ −Knλ .
(B7)
Note that in the derivation of pin and θ
i
n we have used
the condition
Kn−1λ≪ 1 . (B8)
It is evident that, the magnitude of both θit and p
i
t
exponentially grows with time. Such exponentially-fast
growth will break once
Ktλ ≈ 1 . (B9)
Accordingly, a rough estimation of the threshold time is
tc ≈ − logK(λ) . (B10)
Then, the increase of the trajectory will be faster than
the exponential-law. As a result, with time evolution,
the value of the trajectory exceeds the maximum value
of double type variable which is about Dmax ≈ 10308.
[1] C. M. Bender and S. Boettcher, Phys. Rev. Lett.80, 5243
(1998).
[2] C. M. Bender, D. C. Brody, and H. F. Jones, Phys. Rev.
Lett.89, 270401 (2002).
[3] A. Mostafazadeh, J. Math. Phys. (N. Y.), 43, 2814
(2002).
[4] C. M. Bender, Rep. Prog. Phys. 70, 947 (2007).
[5] A. Mostafazadeh, Int. J. Geom. Meth. Mod. Phys. 07,
1191 (2010).
[6] K. Jones-Smith and H. Mathur, Phys. Rev. A82, 042101
(2010).
[7] N. Moiseyev, Non-Hermitian quantum mechanics, (Cam-
bridge University Press, Cambridge, UK, 2011).
[8] K. Jones-Smith and H. Mathur, Phys. Rev. D89, 125014
(2014).
[9] H. Cao and J. Wiersig, Rev. Mod. Phys.87, 61 (2015).
[10] R. El-Ganainy, K. G. Makris, M. Khajavikhan, Z. H.
Musslimani, S. Rotter, and D. N. Christodoulides, Nat.
Phys. 14, 11 (2018).
[11] I. Rotter, J. Phys. A 42, 153001 (2009).
[12] K. G. Zloshchastiev and A. Sergi, J. Mod. Opt. 61, 1298
(2014).
[13] M. Berry, Czech. J. Phys. 54, 1039 (2004).
[14] S. Klaiman, U. Gu¨nther, and N. Moiseyev, Phys. Rev.
Lett.101, 080402 (2008).
[15] E. M. Graefe, H. J. Korsch, and A. E. Niederle, Phys.
Rev. Lett.101, 150408 (2008).
[16] A. Mostafazadeh, Phys. Rev. Lett.102, 220402 (2009).
[17] E.-M. Graefe and R. Schubert, Phys. Rev. A83,
060101(R) (2011).
[18] T.-J. Hou, Phys. Rev. A95, 013824 (2017).
[19] S. Joshi and I. Galbraith, Phys. Rev. A98, 042117 (2018)
[20] Y. Choi, S. Kang, S. Lim, W. Kim, J.-R. Kim, J.-H. Lee,
and K. An, Phys. Rev. Lett.104, 153601 (2010).
[21] G. Barontini, R. Labouvie, F. Stubenrauch, A. Vogler,
V. Guarrera, and H. Ott, Phys. Rev. Lett.110, 035302
(2013).
[22] C. E. Ru¨ter, K. G. Makris, R. El-Ganainy, D. N.
Christodoulides, M. Segev, and D. Kip, Nat. Phys. 6,
192 (2010).
[23] S. Longhi, Phys. Rev. Lett.105, 013903 (2010).
[24] V. Buslaev and V. Grecchi, J. Phys. A 26, 5541 (1993).
[25] C. M. Bender, Contemp. Phys. 46, 277 (2005).
[26] A. Ruschhaupt, F. Delgado, and J. G. Muga, J. Phys. A
38, L171 (2005).
[27] R. El-Ganainy, K. G. Makris, D. N. Christodoulides, and
8Z. H. Musslimani, Opt. Lett. 32, 2632 (2007).
[28] S. Longhi, Phys. Rev. Lett.103, 123601 (2009).
[29] A. Guo, G. J. Salamo, D. Duchesne, R. Morandotti, M.
Volatier-Ravat, V. Aimez, G. A. Siviloglou, and D. N.
Christodoulides, Phys. Rev. Lett.103, 093902 (2009).
[30] L. Feng, M. Ayache, J. Huang, Y.-L. Xu, M.-H. Lu, Y.-
F. Chen, Y. Fainman, and A. Scherer, Science 333, 729
(2011).
[31] N. V. Alexeeva, I. V. Barashenkov, A. A. Sukhorukov,
and Y. S. Kivshar, Phys. Rev. A85, 063837 (2012).
[32] A. Regensburger, C. Bersch, M.-A. Miri, G. On-
ishchukov, D. N. Christodoulides, and U. Peschel, Nature
488, 167 (2012).
[33] R. Nandkishore and D. A. Huse, Annu. Rev. Condens.
Matter Phys. 6, 15 (2015).
[34] P. Ponte, Z. Papic´, F. Huveneers, and D. A. Abanin,
Phys. Rev. Lett.114, 140401 (2015).
[35] A. Lazarides, A. Das, and R. Moessner, Phys. Rev.
Lett.115, 030402 (2015).
[36] J. Zhang, P. Hess, A. Kyprianidis, P. Becker, A. Lee,
J. Smith, G. Pagano, I.-D. Potirniche, A. C. Potter, A.
Vishwanath, et al., Nature 543, 217 (2017).
[37] N. Y. Yao, A. C. Potter, I.-D. Potirniche, and A. Vish-
wanath, Phys. Rev. Lett.118, 030401 (2017).
[38] N. Y. Yao, C. Nayak, L. Balents, and M. P. Zaletel,
arXiv:1801.02628 (2018).
[39] N. Y. Yao and C. Nayak, Phys. Today 71, 40 (2018).
[40] N. H. Lindner, G. Refael, and V. Galitski, Nat. Phys. 7,
490 (2011).
[41] P. Titum, N. H. Lindner, M. C. Rechtsman, and G. Re-
fael, Phys. Rev. Lett.114, 056801 (2015).
[42] L. Zhou, C. Chen, and J. Gong, Phys. Rev. B94, 075443
(2016).
[43] R. Roy and F. Harper, Phys. Rev. B96, 155118 (2017).
[44] Marlan O. Scully and M. S. Zubairy, Quantum Optics
(Cambridge University Press, 1997).
[45] M. Grifoni and P. Hanggi, Phys. Rep. 304, 229 (1998).
[46] G. Della Valle, M. Ornigotti, E. Cianci, V. Foglietti,
P. Laporta, and S. Longhi, Phys. Rev. Lett.98, 263601
(2007).
[47] G. Della Valle and S. Longhi, Phys. Rev. A87, 022119
(2013).
[48] J. Wu and X.-T. Xie, Phys. Rev. A86, 032112 (2012).
[49] R. El-Ganainy, K. G. Makris, and D. N. Christodoulides,
Phys. Rev. A86, 033813 (2012).
[50] N. Moiseyev, Phys. Rev. A83, 052125 (2011).
[51] J. Gong and Q.-h. Wang, J. Phys. A 46, 485302 (2013).
[52] L. Zhou and J. Gong, Phys. Rev. B98, 205417 (2018).
[53] C. T. West, T. Kottos, and T. Prosen, Phys. Rev.
Lett.104, 054102 (2010).
[54] S. Longhi, Phys. Rev. A95 012125 (2017).
[55] F. Haake, Quantum Signatures of Chaos, 3rd ed.
(Springer-Verlag Berlin Heidelberg, 2010).
[56] G. Casati and J. Ford, Stochastic Behavior in Classical
and Quantum Hamiltonian Systems, 1st ed. (Springer,
Berlin, 1979).
[57] G. Casati, B. V. Chirikov, D. L. Shepelyansky, and I.
Guarneri, Phys. Rep. 154, 77 (1987).
[58] F. M. Izrailev, Phys. Rep. 196, 299 (1990).
[59] J. Wang, I. Guarneri, G. Casati, and J. Gong, Phys. Rev.
Lett.107, 234104 (2011).
[60] J. Liu, C. Zhang, M. G. Raizen, and Q. Niu, Phys. Rev.
A73, 013601 (2006).
[61] S. Fishman, D. R. Grempel, and R. E. Prange, Phys.
Rev. Lett.49, 509 (1982).
[62] M. G. Raizen (Academic Press, 1999) pp. 43 C 81.
[63] A. Rosen, B. Fischer, A. Bekker, and S. Fishman, J. Opt.
Soc. Am. B 17, 1579 (2000).
[64] V. A. Podolskiy, E. Narimanov, W. Fang, and H. Cao,
Proc. Natl. Acad. Sci. USA 101, 10498 (2004).
[65] S. Chaudhury, A. Smith, B. Anderson, S. Ghose, and P.
Jessen, Nature 461, 768 (2009).
[66] A. Larkin and Y. N. Ovchinnikov, Sov. Phys. JETP 28,
1200 (1969).
[67] J. Maldacena, S. H. Shenker, and D. Stanford, J. High
Energ. Phys. 2016, 106 (2016).
[68] X. Chen, T. Zhou, D. A. Huse, and E. Fradkin, Ann.
Phys. 529, 1600332.
[69] K. Hashimoto, K. Murata, and R. Yoshii, J. High Energ.
Phys. 2017, 138 (2017).
[70] B. Do´ra and R. Moessner, Phys. Rev. Lett.119, 026802
(2017).
[71] M. Heyl, F. Pollmann, and B. Do´ra, Phys. Rev. Lett.121,
016801 (2018).
[72] I. Garc´ıa-Mata, M. Saraceno, R. A. Jalabert, A. J.
Roncaglia, and D. A. Wisniacki, Phys. Rev. Lett.121,
210601 (2018).
[73] R. A. Jalabert, I. Garc´ıa-Mata, and D. A. Wisniacki,
Phys. Rev. E98, 062218 (2018).
[74] E. M. Fortes, I. Garc´ıa-Mata, R. A. Jalabert, and D. A.
Wisniacki, arXiv: 1906.07706 [quant-ph].
[75] Y. Alavirad and A. Lavasani, arXiv:1808.02038 [cond-
mat. stat-mech].
[76] J. Riddell and E. S. Sørensen, Phys. Rev. B99, 054205
(2019).
[77] B. Swingle, G. Bentsen, M. Schleier-Smith, and P. Hay-
den, Phys. Rev. A94, 040302(R) (2016).
[78] G. Zhu, M. Hafezi, and T. Grover, Phys. Rev. A94,
062329 (2016).
[79] J. Li, R. Fan, H. Wang, B. Ye, B. Zeng, H. Zhai, X. Peng,
and J. Du, Phys. Rev. X 7, 031011 (2017).
[80] M. Ga¨rttner, J. G. Bohnet, A. Safavi-Naini, M. L. Wall,
J. J. Bollinger, and A. M. Rey, Nat. Phys. 13, 781 (2017).
[81] C. M. Bender, J. Feinberg, D. W. Hook, and D. J. Weir,
Pramana-J. Phys., 73, 453 (2009).
[82] B. V. Chirikov, Phys. Rep. 52, 263 (1979).
[83] See Appendix for detailed derivations of the classical
mapping equations in Eq. (5), and of the expomentially-
fast growth of a specific trajectory.
[84] R. Hamazaki, K. Fujimoto, and M. Ueda, Operator
Noncommutativity and Irreversibility in Quantum Chaos
arXiv:1807.02360.
[85] E. B. Rozenbaum, S. Ganeshan, and V. Galitski, Phys.
Rev. Lett.118, 086801 (2017).
[86] W. L. Zhao, J. Wang, X. Wang, and P. Tong, Phys. Rev.
E99, 042201 (2019).
